The single biggest problem we face is that of visualisation Richard P. Feynman (1918-1988 [1] Introduction An appreciation of the geometry underlying algebraic techniques invariably enhances understanding, and this is particularly true with regard to polynomials.
Introduction
An appreciation of the geometry underlying algebraic techniques invariably enhances understanding, and this is particularly true with regard to polynomials.
With visualisation as our theme, this article considers the cubic equation and describes how the French mathematicians Francois Viete (1540 Viete ( -1603 and Rene Descartes (1596-1650) related the 'three-real-roots' case (casus irreducibilis) to circle geometry. In particular, attention is focused on a previously undescribed aspect, namely, how the lengths of the chords constructed by Viete and Descartes in this setting relate geometrically to the curve of the cubic itself.
In order to clarify the methods of Viete and Descartes we adopt the following strategies. Firstly, we relate the cubic equations of Viete and Descartes to the standard reduced form having geometric coefficients [2] az -3a6 z + }>N = 0, (1) where N (x N , y N ) is the cubic's point of inflection, and h = 2a6 3 (see Figure 3 ). In view of the task in hand we will use the sine version of the standard 'three-real-root' solution (i.e. where y^lh = sin 3cp) as follows:
ZT, = 26 sin ( f + <p). Secondly, we use the calligraphic font (si, 9S, % ... ) for those letters used by Viete to denote lengths of chords, line segments, variables and square roots (see Figure 1 ).
Viete
A significant innovation of Viete was his use of specific letters to represent variables and constants, his practice with respect to the cubic being to use the letters si and N for the unknown variable, % for its cube, the consonants 3S and 3 for known quantities, and occasionally 91 to denote a square root [3, 4, 5] .
For example, in chapter 6 (theorem 3) of his article entitled On the recognition of equations [6] , published posthumously in 1615 by Alexander Anderson (1582-1620) [7] , Viete describes how the chord si of a trisected arc associated with chord 2) of a circle of radius 5S is a solution of univariate cubics having the form si 3 
The English translation by Robert Schmidt [5, p. 17 ] is as follows (see Figure 1) : '... And there are two right angled triangles with equal hypotenuse 9i, such that the acute angle subtended by the perpendicular of the first is triple the acute angle subtended by the perpendicular of the second, while double the base of the first is 3 , making the double of the base of the second be si;'
Viete's restriction 9S > 3 / 2 is simply the condition for the cubic equation to have three distinct real roots. This is most easily seen by comparing coefficients between equations (1) and (3) [2] , is equivalent to \h\ > \y N |, namely the condition for three distinct real roots as shown in Figure 3 . Geometrically of course 2S > 3 / 2 has to apply for the chord 3 to be accommodated within a circle having radius 2S, and hence for the associated cubic to be solvable trigonometrically.
Viete's approach stems from his familiarity with the then equivalent of the trigonometric triple-angle identities, since he himself had established formulae for chords of multiple arcs in terms of chords of simple arcs [8, 9] , and hence he was aware that solving a cubic with three real roots was analogous to trisecting an angle. For example, if we use the identity " . 30 / . 9\ I . 0\ 
Descartes
Some years later, Descartes explored Viete's approach in detail in his La Geometrie [11] . Indeed Descartes extended Viete's approach by showing that trisecting the arc, both internally and externally (see Figure 2) ' Finally, suppose that we have z 3 = pz -q. Construct the circle OEDZ 2 whose radius OC is equal to yJp/3, and let OD, equal to 3q/p, be inscribed in this circle; then OE, the chord of one-third the arc OED, will be the first of the required Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0025557200179598 roots, and OZ 2 the chord of one-third of the other arc, will be the second. ' Comparing coefficients between equations (1) and (4) It is interesting to note that Descartes is clearly just as comfortable to represent a numerical value as the length of a chord as he is to view a cuberoot as the length of the side of a cube. Unfortunately for Descartes though there was no useful symbol for such a chord, as he mentions in the following passage [12, p. 216] .
' Indeed these terms are much less complicated than others, and they might be made even more concise by the use of some particular symbol to express such chords, just as the symbol V is used to represent the side of a cube.' (1) and (5) shows that a = 1, <5 2 = 1 and y N = 1, and since h = lab 1 it follows that in this particular case y N = h/2. From equations (1) and (3) Since we are dealing with a reduced cubic it follows that the remaining root is given by z 3 = -(zi + z 2 ) = -1.879.
It is now apparent geometrically why y^lh is such an important ratio. Since sin (30/ 2) = (2>/2)/9& and y N = 2fc A significant advantage of using equations with geometric coefficients is that it is then easy to visualise the curve associated with a given equation, and conversely. For example, we have needed to work throughout with reduced cubic equations having two positive real roots in order to illustrate the methods of Viete and Descartes. Assuming that the leading coefficient is positive, then we can easily 'see' from equation (1) (and Figure 3 ) that such equations must have a negative z coefficient (forces <5 2 > 0 and so 6 is real), a positive constant term (y N > 0 to force two positive roots), and for 0 < yi^lh < 1 (to force two positive and real roots).
In conclusion, I would like to suggest that a simple approach for merging the algebra and geometry of polynomials in an interesting way, which greatly enhances visualisation, is to use equations with coefficients consisting of geometric objects, as illustrated by equation (1) [2] .
